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Problem 1. Find the derivative of the function f along the vector �eld v, where

(a) f(x, y) = x2 + y2, v(x, y) = (y,−x);
(b) f(x, y) = x2 − y2, v(x, y) = (x, y);
(c) f(x, y) = xy, v(x, y) = (x,−y);
(d) f(x, y) = x2 − y2, v(x, y) = (y, x).

Problem 2. Prove the following properties of Lie derivative:

(a) Lv(f + g) = Lvf + Lvg
(b) Lv+w(f) = Lvf + Lwf
(c) Lfvg = fLvg
(d) Lvfg = fLvg + gLvf

Problem 3. Is it true that LuLvf = LvLuf?

De�nition 1. Let v(x) be a vector �eld, x ∈ Rn. Let x = ϕ(t) be a solution of autonomous

ordinary di�erential equation

ẋ = v(x) (1)

with initial condition ϕ(0) = x0.
Consider function f(x) such that f(ϕ(t)) = const for any solution ϕ(t) of the equation (1).

Function f(x) is called �rst integral of the equation (1).

Problem 4. Assume that f(x) is di�erentiable function. Prove that it is a �rst integral of (1)

if and only if Lvf ≡ 0.

Problem 5. Find some �rst integrals of the ODEs for vector �elds given in problem 1, 1a, 1c,

1d.

Problem 6. Does the system

ẋ = x, ẏ = y

has a nonconstant (continuous) globally de�ned (i.e. de�ned on the whole R2) �rst integral?

Problem 7. Find one �rst integral for each of the following ODEs:

(a) ẋ = sin(x+ y), ẏ = cos(x+ y + z), ż = 0.
(b) ẋ = y, ẏ = −x, ż = ex+y+z

Problem 8. For which k the vector �eld (x, ky) has a nonconstant continuous globally de�ned

�rst integral?

Problem 9. Let F be a di�erentiable function R2 → R. Find a vector �eld (not constantly zero)

such that F is its �rst integral.

Problem 10. Let F and G be two functions R3 → R. Find a vector �eld (not constantly zero)

such that F and G be its �rst integrals.
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