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1 (4). Consider ODE
ẋ = Ax, (1)

where x ∈ C2 and

A =

(
−1 2
−2 −1

)
.

(a). Find eigenvalues λ1, λ2 and corresponding eigenvectors v1, v2 of matrix A.
(b). Find matrix C such that C−1AC = D, where D = diag(λ1, λ2) is diagonal matrix.

(c). Consider new coordinate y, such that x = Cy. Rewrite equation in new coordinate.

(d). Find general solution of the equation in new coordinate. What is the dimension of the linear

space of solutions for this equation?

(e). Find general solution of the equation 1 in initial coordinate in complex form.

(f). Consider the solution x1(t) of equation 1 with initial condition x1(0) = v1. Let ϕ1(t) =
Rex1(t) and ψ1(t) = Imx1(t). Show that ϕ1(t) and ψ1(t) are solutions of (1).

(g). Consider the solution x2(t) of equation 1 with initial condition x2(0) = v2. Let ϕ2(t) =
Rex2(t) and ψ2(t) = Imx2(t). Show that ϕ2(t) and ψ2(t) are solutions of (1).

(h). Show that linear spaces {a1ϕ1(t)+b1ψ
1(t) | a1, b1 ∈ R} and {a2ϕ1(t)+b2ψ

2(t) | a2, b2 ∈ R}
coincide and both are real general solutions of (1).

2 (2+ 2+ 2+ 1). Let Dλ =
(
d
dt − λ

)
be di�erential operator, Dλf = df

dt − λf for any smooth

function f(t).

(a). Find Dλ(t
seλt).

(b). Prove that Dr+1
λ (Pr(t)e

λt) = 0 if Pr(t) is polynomial of degree not greater than r.
(c). Consider linear equation x(n) + an−1x

(n−1) + . . . + a1ẋ + a0 = 0. What is the dimension

of the space of solutions of this equation? (Hint: consider equivalent system of �rst order

ODE's.)

(d). Find general solution of equation Dr+1
λ x = 0. (Hint: use result of (b) and prove that there

are no solutions di�erent from described there.)

3 (2 + 3). Solve equations:

(a). ẍ− 2ẋ+ x = 0.
(b). y′′′ + y′′ − y′ − y = 0.
(c). ẍ+ x = 0. Find real general solution.

4 (4). Prove thatDr
λ(Pm(t)e

µt) = Qn(t)e
µt, where Pm(t) andQn(t) are polynomials of degrees

at most m and n resp. Show that n = m if λ 6= µ and n = m− s otherwise.

5 (2+2+2+3). Using unknown coe�cients method, �nd a particular solution of the equation.

Then �nd general solution.

(a). ẍ− x = te2t.
(b). ẍ− x = tet.
(c). ẍ− x = t sin t.
(d). ẍ+ x = t sin t.
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