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1 (2+3). For a given vector �eld v �nd a di�eomorphism which recti�es it in the neighborhood

of a given point P . Check that it is indeed di�eomorphism near P (i.e. the Jacobian is non-

vanishing). Check that the image of the vector �eld under the action of the di�eomorphism you

obtained is indeed equal to (1, 0) or (1, 0, 0).
(a) v = (2x− y, 2y + x), P = (0, 1);
(b) v = (x, 2y, 3z), P = (1, 1, 1).

2 (3+ 4). For which λ the following system has global nonconstant continuous �rst integral?

Find at least one �rst integral if it exists.

(a) ẋ = λx− y, ẏ = λy + x;
(b) ẋ = x, ẏ = 2y, ż = λz

3 (1+ 1+1+1). Assume f and g are �rst integrals of some di�erential equation. Prove that

the following functions are also �rst integrals of this di�erential equations:

(a) λf , λ is a scalar.

(b) f + g
(c) fg
(d) F ◦ f , F is arbitrary function.

4 (3). Find some �rst integral for the system
ṗ1 = 1/q21
ṗ2 = 1/q22
q̇1 = p1

q̇2 = p2

5 (4 + 2). (a) Find �st integral and sketch phase portrait for the following equation:

ẍ = x2 − 1

(b) Find all phase curves that correspond to periodic solutions.

Supplementary part

6 (7). Prove that for every smooth vector �elds u, v, there exists vector �eld w, such that for

every smooth function f ,
(LuLv − LvLu)f = Lwf

and �nd such w.
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