
IUM and HSE, 2012-13, ¾Ordinary di�erential equations¿

Math in Moscow, 2012-13 academic year
Ordinary di�erential equations
Assignment ODE-5 (To be returned 11/9/2012)
Dmitry Filimonov, Ilya Schurov and Aleksandra Pushkar

1 (2+2+3). For a given vector �eld v �nd a di�eomorphism which recti�es it (i.e. transforms

to the standard vector �eld (1, 0)) in the neighborhood of a given point P . Check that it is indeed

di�eomorphism near P (i.e. the Jacobian is non-vanishing). Check that the image of the vector

�eld under the action of the di�eomorphism you obtained is indeed equal to (1, 0).
(a) v = (x, 2y), P = (1, 1);
(b) v = (2x,−y), P = (−2, 2);
(c) v = (y,−x), P = (1, 0);

2 (4). Find a di�eomorphism which recti�es vector �eld (x, 2y,−z) near the point (1, 1, 1).
Check that it is indeed di�eomorphism (i.e. the Jacobian is non-vanishing). Check that the image

of the vector �eld under the action of the di�eomorphism you obtained is indeed equal to (1, 0, 0).

3 (2). Let f(x, y) = x3 + ey and consider function g(t) = f(u(t), v(t)). Find g′(0) provided

that u̇(0) = 1 and v̇(0) = 2.
Hint. Use chain rule.

4 (1 + 1 + 2 + 2 + 2). Consider system of ODEs{
ẋ = x2 + y;

ẏ = x+ y3.

Let ϕ(t;x0, y0) be its solution with initial condition ϕ(0;x0, y0) = (x0, y0). Consider function

f(x, y). Let g(t) = f(ϕ(t;x0, y0)) for some point (x0, y0). Find g′(0) if
(a) f(x, y) = x2 + y2, x0 = 0, y0 = 0 (Hint: what can you say about ϕ for such initial

condition?),

(b) f(x, y) = sin(x2 + ey
3
), x0 = 1, y0 = −1, .

(c) f(x, y) = x3 + y2, x0 = 1, y0 = 1 (Hint: use chain rule),

(d) f(x, y) = x2 + y3, (x0, y0) is arbitrary point.

(e) f(x, y) is arbitrary di�erentiable function, (x0, y0) is arbitrary point.

5 (4 + 1). Let v(x) be a vector �eld, x ∈ Rn. Let x = ϕ(t) be a solution of autonomous

ordinary di�erential equation

ẋ = v(x) (1)

with initial condition ϕ(0) = x0.
Consider arbitrary di�erentiable function f : Rn → R. Let g(t) = f(ϕ(t)).
(a) Find g′(0) in terms of partial derivatives of f and components of vector v(x0).
(b) Find g′(0) in terms of gradient of f and vector v(x0).

Supplementary part

6 (8). Consider particle with one degree of freedom. Let the force F applied to the particle

depends only on the coordinate x of the particle. Newton's second law implies the following
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di�erential equation on x:
ẍ = F (x),

where ẍ is acceleration of the particle (i.e. second derivative of x(t) with respect to t), F (x) is
arbitrary smooth function.

Let us denote the speed ẋ as new variable y. One consider the following system:{
ẋ = y;

ẏ = F (x).
(2)

Find a nonconstant smooth function I(x, y), such that I(ϕ(t)) = const for any solution ϕ(t) =
(x(t), y(t)) of system (2).
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